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§1. General Considerations Relating to the Sum of an 
Infinite Series. 


In 1811 Fourier* read before the Paris Academy a memoir 
which contained an acceptable definition of convergence of an 
infinite series; but this work remained unpublished for eight 
or nine years. In 1817 Bolzano stated a precise definition of 
convergence. Independently in 1821 Cauchy also formulated 
the definition in an exact manner. He and Abel insisted so 
forcefully upon the necessity of the distinction between con- 
vergence and divergence and the danger in employing diver- 
gent series that the latter came into such disrepute as not to 
be studied systematically for nearly three quarters of a cen- 
tury. For a long time no one saw how to obviate the diffi- 
culties pointed out so incisively by those who first recognized 
the pitfalls in the use of divergent series. And yet both Abel 
and Cauchy, the leading instigators, had misgivingst as to 
the justice of the decision by which these series were banished 
from the mathematical community and they were given up as 
friends who had done some things well but could not be trusted 
because they had also done some things ill.t 

Certain difficulties, however, still remain when one tries to 
treat convergent series independently of any reference to di- 
vergent series, as we shall show more fully in a moment. 

In the first attempt to formulate a suitable definition of 

*For references relating to the first paragraph see Encyclopédie des 
Sciences mathématiques, I, 12, pp. 211-214. 

t See quotations in Bromwich’s Infinite Series, 1908, p. 264. Indeed 
Cauchy himself showed how the celebrated series of Stirling in the theory 
of the gamma function could be used in a ‘legitimate way for purposes of 
numerical computation. 

{ An interesting and valuable discussion of several topics in the theory 
of divergent series and continued fractions will be found in Van Vleck’s 


lectures at the Boston Colloquium in 1903, published in 1905. In these 
lectures some topics are treated to which we do not refer in this paper. 
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the sum of the infinite series 
(1) Ue ty + Ue + 


it is natural to employ with Cauchy the sum s, of the first 
n+ 1 terms, namely, 


(2) Sn = Up + + Un, 


and to say that the series (1) has the sum s in case lim, —.8p 
exists and has the finite value s. But there is no good reason 
why we should confine attention to this definition alone when 
our researches so often bring us face to face with series‘ not 
possessing a sum in this sense. 

As a matter of fact one does not have to go far to find the 
inadequacy of this definition. One of the leading tasks in de- 
veloping the theory of infinite series is to determine the funda- 
mental laws of operation according to which one may compute 
with them. Certain of these are at once obvious, as for in- 
stance those associated with the introduction or removal of a 
finite number of terms, the term by term addition of two series, 
and the’ multiplication of a series term by term by a constant. 
But if one undertakes to form the product of two series the 
case is different. Consider the product of (1) by the series 


m+ 


Whenever the two series are absolutely convergent and have 
the sums u and » respectively, it may be shown without diffi- 
culty that the Cauchy product series* 


(3) Wo + + 
where 
Wn = Un + + + Und, 


converges and has a sum w which is equal to wv. (A like 
conclusion is true also under certain less restrictive hypotheses.) 
But the mere convergence of the w-series and the v-series does 
not necessitate the convergence of the w-series. 


* This definition of product of two series is that most naturally asso- 
ciated with power series; but there is nothing inherently essential in it. 
The product of two series may in fact be defined in any one of a variety of 
ways, with consequent variations in the theory. On account of the im- 
portance of power series, however, it is desirable to have a theory of in- 
finite series adequate for the case in which multiplication is defined in 
accordance with the Cauchy product formula. 
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Starting from the problem of forming the product of two 
convergent series, Cesdro* in 1890 was led to an investigation 
of what he called indeterminate series. He showed that, 
when the w-series and v-series above converge to the sums u 
and » respectively, then the corresponding w-series has the 
property expressed in the relation 


(4) im Pot + Wn 


one n+1 


W, = wt+umt+ $+ Wp. 


Thus he was led to say that series (3) has the sum w when- 
ever the limit in (4) exists and has the finite value w. (It is 
easy to show—see §2 below—that this new definition assigns 
to every convergent series the same sum as the usual defin- 
ition.) 

By the introduction of this definition the multiplication 
problem in which Cesaro was interested became enlarged. 
Suppose now that the series u and » have sums in the new 
sense; what can be said of the product series w? Following 
up this question, Cesaro was led to extend further the defin- 
ition of sum of an infinite series. Thus when we have for a 
finite s the relation 


where 


(r) 
(5) lim 


where 


1 
Ss, = $n + T8n-1 + Sn 


4 dap 1) 


(r + 1)(r + 2) 
2! 


80 


= Unt (r+ 


—2 


(r+ 1)(r + 2) --- 


n! 


(r+ 1)(r+ 2) --- (r +n) 


n! 


D,® = 


it is said that the series (1) has the sum s. We then say that 
the series (1) is summable (Cr) to the sum s._ The least value 
of r (assumed to be an integer) for which the limit in (5) 


* Bulletin des Sciences mathématiques, ser. 2, vol. 14 (1890), pp. 114-120. 
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exists is called the degree of indeterminacy of series (1), and 
the series is said to be r-fold indeterminate. Cesdro showed 
that if the series u and » are p-fold and q-fold indeterminate, 
respectively, then the product series w is at most (p + q+ 1)- 
fold indeterminate. 

It is easy to verify that the sum S, employed above may 
be defined by the relations 


S,@ = So + & + + 
S, = So 4 + 


Also we have 


iim (r+ 1)(r + 2) --- (n+ 1)! _ 


1, 


Hence in Cesadro’s definition we may replace (5) by its equiv- 
alent 
s=limn~-r!-S,. 
n=O 
In 1880, ten years before the work of Cesaro, the limit in 
(5) for the case r= 1 was considered by Frobenius* who 
showed that 


z=1—0 i=0 n=0 n + 1 


whenever the limit on the right exists and is finite. The 
limit in the first member of this relation was treated further 
by Héldert in 1882. In order to state his result conveniently 
let us write 


= Sn, 


1 


* Journal fiir Mathematik, vol. 89 (1880), pp. 262-264. 

+ Math. Annalen, vol. 20 (1882), pp. 535-549. This limit also appeared 
in the work of Euler and Abel. More recently it has been prominent in 
the literature of summable series. 
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8, = (8 + 9,9 + --- + 8,), 
1 
8, = + i + + + 
Hdlder shows that 


lim >> ua‘ = lims,” 
z=1—0i=0 

provided that the last limit exists and is finite. If we denote 

the value of this limit by s we may extend the notion of sum 

of an infinite series, defining the sum of (1) to be this number 

s. When lim, .8,™ exists and has the finite value s we say 

that (1) is swmmable (Hr) to the sum s. 

It will be observed that the Hélder and Cesaro definitions 
of sum of an infinite series (and the usual definition of sum of 
a convergent series as well) are special cases of the following 
more general definition:* The series (1) is said to have the 
sum t in case lim, tn exists and has the finite value t, where 


(6) tn = Cno8o + Cnt +. Can 0, 


the c;; being (real or complex) constants. Any method of sum- 
mation belonging to the general class indicated by this defini- 
tion will be called a method of mean values with finite reference. 

It is obvious that a definition equivalent to the foregoing 
may be obtained by taking for ¢, the valuef 


(7) tn = Anglo + + + Gnntin, Onn + 0, 


* Among those who have treated this general type of definition may be 
mentioned Silverman, Dissertation (Missouri), 1910, [University of Mi 
souri Studies, 1913]; Toeplitz, Prace matematyczno , vol, 22 (1911), p. 
113; Smail, Dissertation (Columbia), 1913; Schur, Math. Annalen, vol. 74 
(1913), p. 447; Hurwitz and Silverman, Transactions Amer. . Society, 
vol. 18 (1917), p.1; Kojima, Tohoku Math. Journal, vol. 12 (1917), p. 291. 

t These definitions may be generalized by taking the coefficients a;; 
(and similarly the coefficients c;;) to be functions of parameters 2, 22, 
+ Then t, becomes tn(zi, 22, . . Zr) and the sum of the series 
may be said to be the value of the limit 


m=h 2,=1, n=O 
when this 4 limit exists and is finite. In this general form the def- 


inition has nm treated by James (Columbia dissertation, 1917). See 
also the papers referred to at the end of this section. 
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where the a;; are (real or complex) constants. In fact, the 
functions ¢, of n in (6) and (7) are identical in case 


Onn = Cnn; 


= Cnn + 


(8) 


Onn—2 = Can + + Can 


= Can + - Cro. 
These relations are obviously equivalent to the following: 


Can = Onn; 


(8’) 
Cno0 = Ono — Gni- 
Certain other particular cases of summation by the method 
of mean values should be mentioned. 
In 1907 Knopp* generalized Cesaro’s definition of sum by 
taking for the sum s of (1) the value 


lim 1) Pet) 


n=O 


(r+ n—k+ 1) 
mor(r+ 


the symbol I’ denoting the gamma function. For positive 
integral values of r this is the same as Cesaro’s definition. 

De la Vallée Poussinft in 1908 defined the sum of (1) to be 
the number s in case 


where 


S,© = 


Uk; 


n(n — 1) --- (n—k+1) ) 
exists and has the finite value s. 
In 1909 Ford{ gave a generalization of Cesaro’s method of 


age d. Berliner Math. Gesellschaft, Nov., 1907, pp. 1-12. 
t Belg. Bulletin d. Sciences, 1908, pp. 193-254. See also a generalization 
lianz, Paris C. R., vol. (1917), pp. 510-513, 626-628, 778- 


t This Buizerm, vol. 15 (1909), pp. 439-444. 


| 
| 
| 
| 
| 
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summation in accordance with which the sum of (1) is said 
to have the value s, 


(10) s=lim fp(n, + fp(n — 1, +---+f,(0, 
fo(n, r) + fo(n 1, r) +-- -+ f,(1, r) + f,(0, r)? 


provided this limit exists, the function f,(n, r) being defined 


by the relation 
_ t log, k 
(11) fo(n, r) = r+ log, pa logy k 


where logon = n and log, n = log (logy-. n), p = 1, 2, 3, --- 
For p = 0 this reduces to Cesaro’s definition. 

Chapman* in 1911 developed the theory of Cesadro’s mean 
value process when the order r of summability is any real 
number other than a negative integer, employing for this 
purpose the Cesadro formule which we have given above (see 
equation (5) and those immediately following it) but without 
Cesaro’s restriction that r shall be integral. f 

Silverman (l. ¢., page 37) says that (1) is g-summable to 
the sum s in case 


+ + + nbn, 
On account of needs arising in the study of Dirichlet series 


M. Rieszt{ was led to define the sum of (1) as the finite num- 
ber s in case 


(12) lim w >) (w — 4)" = 8, 
where Ap > 0, Ay, Az, is a Sequence of distinct rea] num- 


bers tending monotonically to infinity with n and the sum 
for each w is taken for all A, < w. When the limit in (12) 
exists and is finite we shall say (with Hardy§) that (1) is 
summable (Rar), that is, summable by Riesz’s means of type 
d and order r. 

It will be observed that this definition differs from the pre- 


* Proc. London Math. Society, ser. 2, vol. 9 (1911), pp. 369-409. 

¢ An extension of Cesaro’s Gefini efinition to double series has been given 
yy. + hg Moore, Transactions Amer. Math. Society, vol. 14 (1913), pp 

t Paris C. R., vol. 152 ey pp. 1651-1654. See also an earlier note 
by Riesz in Paris C. R., vol. 149 (1909), 18-20. This paper contains an 
error which is corrected in the later communication. 

§ Proc. London Math. Society, ser. 2, vol. 8 (1909), pp. 301-320. 
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ceding ones in that the limit is taken with respect to the con- 
tinuous variable w rather than with reference to a variable n 
running over the set of non-negative integers. Following out 
the suggestion thus arising, one might modify the definition 
associated with (6) and (7) so that the limit with respect to n 
shall be replaced by a limit with respect to a continuous vari- 
able. Compare the discussion associated with (13). 

Several considerations have led investigators to introduce 
other definitions of sum than those associated with the method 
of mean values with finite reference. In his now classic re- 
searches Borel was influenced by the fact that the method of 
Cesaro suffices to sum only a relatively restricted class of 
series (see §5 below). Accordingly he introduced* the method 
of mean values with infinite reference. In a form convenient 
for our purposes the method may be stated thus:t The series 
(1) ts said to have the sum t in case lim, at, exists and has the 
finite value t, where 


(13) th = 


the c:; being (real or complex) constanis. 
For an alternative definition one may define ¢, by the re- 
lation 


te = 
k=0 


where the a;; are (real or complex) constants. 

In order to specialize the definition associated with (13) 
into a conveniently workable form one may take for c,, the 
value e,n*/g(n), where 


g(a) = + ea + + + ---, 


and modify the limit operation by replacing n by the con- 
tinuous variable a so as to have for the sum of (1) the (finite) 
value t, where 


+ C08; + C2078, + 
t = lim 
a=@ (a) 


* Lecons sur les Séries divergentes, 1901, pp. 91-98. Here will be found 
references to Borel’s earlier work on this subject. _ 

t Here the variable n may run over the range of integers or over a con- 
tinuous range. 


| 
| 
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For detailed study Borel chooses* for g(a) the function 
e*, so that he defines the sum ¢ of (1) by the more special re- 
lation 

14) t= lime-* 
This definition of sum gives rise to what Borel calls the expon- 
ential method of summation of series. It is obviously a special 
case of the method of mean values with infinite reference. 

For the sum ¢ of (1) LeRoyf has taken the value 


T'(ke + 1) 
a) t= Jim, 
provided that this limit exists and is finite. He was led to 
this definition through a consideration of the problem of ana- 
lytic continuation of a function defined by a power series. 

It is obvious that one may extend the definition in (13) by 
considering the coefficients ¢;; or a;; to be functions of param- 
eters 2%, 22,. . ., x, and taking the sum of (1) to be 

lim lim --- lim lim 4, 

z,=l, n=0 
when this repeated limit exists and is finite. For a treatment 
of some such definitions see the papers referred to at the end 
of this section, especially those of Hardy and Chapman, Chap- 
man, and Smail. 

An easy and natural stept leads one from Borel’s expon- 
ential method of summation to his integral method. De- 
noting by s(a) the function 

3 


2 
one has from (14) the relation 


* Interesting applications are also made of certain other cases. See 
the papers refe: to in the second preceding footnote. In particular, 
considerable treatment (Séries divergentes, pp. 129 ff.) is given of the case 
in which = 

Bese nape Fac. Sci. Toulouse, ser. 2, vol. 2 (1900), pp. 317-430; see 


"e. .» Pp. 97-100. On Borel’s generalizations of the notion of 
—_ 8 also Hanni, Monatshefte fiir Mathematik und Physik, vol. 12 (1901), 
pp 
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provided that 

lim e~*s(a) = 

a=0 
But 


= — 2(a)] 


(82 — %)a , (83 — 82)a? 


= (3, — %) + + 2! + 


2 


Denoting by a(a) the function in the last member and inte- 
grating by parts, we have 


t—%= f é~*ii(a)da 


whence it follows that 


(16) t= é~*u(a)da, 


where 


2 3 


In the detailed development of the theory it is assumed by 
Borel that the series (1) is such that the associated function 
u(a) is an entire function. Then when the integral in (16) 
exists he takes its value t to be the sum of (1) and says that 
the series is summable to the sum t. 

Furthermore, if the integrals 


e*|w(a)|da, (A = 1, 2,3, ---), 
0 Jo 


exist, where \ is an index of differentiation, then Borel says 
that (1) is absolutely summable. 

Borel has also employed a generalization of his definition 
(16) in which 


t= €~*u,(a)da, 


| 

| 
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where 
Up(a) = (uo + + + Upa) 
+ (Up + + + 


2 
+ (Uap + + + 


For a discussion of the definitions of LeRoy see §7 below. 

It is convenient to insert here also references to the methods 
of Euler,* Buhl,f Stieltjes,t Hardy and Chapman,§ Chap- 
man,|| Barnes,{ Smail,** James,t¢ C. N. Moore,tt Servant,§§ 
W. H. Young,|||| and Cunningham.9{ 

For the sake of unity and economy of space we shall not 
treat the question of uniform summability, particularly since 
the notion of uniformity enters in essentially an obvious way. 


§2. Regularity of a Definition of Sum by the Method of Mean 
Values with Finite Reference. 


A definition of sum of an infinite series is said to be regular*** 
if it assigns to every convergent series the same sum as the 
usual definition. It is desirable (and natural) to confine at- 
tention to those definitions which are regular in this sense. 

We shall now determine necessary and sufficient conditions 
that the general definition of sum by the method of mean 

* Euler’s treatment of divergent series (Inst. Calc. Diff., Pars II, Cap. I) 
depends on a transformation resulting in convergent series when applied 
to certain classes of divergent series. See the treatment of this method 


by Bromwich, Infinite Series, pp. 302-310. 
t Bulletin des vol. 42 pp. 340-346; 


Royal Society” 199A (1902), pp. 411-500. 

= ‘Colambie dissertation, 1913. 

tt Columbia dissertation, 1917. 

tt Transactions Amer. Math. Society, vol. 8 (1907), pp. 299-330; vol. 14 
(1913), pp. 73-104. 

§ Annales de Toulouse, ser. 2, vol. 1 (1899), pp. 117-175. 

Leipziger ronan vol. 63 (1911), pp. 369-387. 

{4 Proc. London Math. Society, ser. 2, vol. 3 (1905), pp. 157-169. 

*** The term “regular”? i is used in essentially the sense of the text by 
we. and Silverman, Transactions Amer. Math. Society, vol. 18 (1917), 

pp. 1- 


arterly hematics, VO! | pp. | 
general class of definitions forms the subject matter of this paper. A brief 
statement of the | . le is in | below. 
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values with finite reference shall be regular. Employing the 
notation of equation (6) and using the definition of 
regularity, we see that we must have lim,_,, t, = lim,—. 8, for 
every convergent sequence 3, 8%, 8, ---. Then if we take 
& = 1 and s, = 0 when n + k, we have lim,_.. ¢4, = 0 for 
every k. Again, taking s = 1 = s, = s, = ---, we find the 
second of the following two necessary conditions: 
(17) Tim = 0, (Can + + +++ + Gn) = 1. 
In what follows we employ these conditions. 

Consider the superior limit 


lim sup where An = |¢no| + |en| + 
n=O 
In view of (17) its value must be either infinity or a positive 
number not less than unity. Suppose first that its value is 
infinity. We shall determine a sequence , %, $2, --- ap- 
proaching zero such that ¢, does not approach a finite limit 


as n approaches infinity. Let a be a number greater than 1 
and choose n, so that A,, > a. Then put* 


= lems (i=0, 1, eee, ™). 


a Cn 
Then |t,,| > a. Choose ne, greater than 7, so that 
+ + <a, An, > of + 
Then put 


1 | 
= +1, ---, m). 


It is easy to see that |t,,| > a; for 


f=m+1 
11 1 
Similarly, choose nz greater than m2 and such that 
leno| + + <a, An, > + 


* Whenever c,, = 0 we understand that |cn,|/cn, is to be replaced by 
unity here and in similar places below. 


2 
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and put 
1 4 

a= = m+ 1, ---, ms). 
Then it may be shown that |t,,| > a*. Proceeding in this 
way we obtain a sequence %, 8, 82, ---, converging to zero, 
such that lim sup,—« |f,| = ©. Hence a third necessary con- 
dition for the regularity of our definition is that lim sup,—.A, 
shall be finite. 

We have thus established the necessity of the conditions 
named in the following theorem :* 

Tueorem I. A necessary and sufficient condition that a sum 
shall be assigned to every convergent series (1) by the definition 
associated with (6) and that its value shall be the usual sum s of 
(1) is that 

1) lim cy, = 0 for every k; 


2) lim (Cno + Cnr + +++ + Cnn) = 1; 
3) a number M, independent of n, shall exist such that for 
every n 
| eno | + | ent | + ame + | Can | < M. 


It remains to prove the sufficiency of this condition. In 
view of 2), definition (6) and the fact that lim,_,, (s, — s) is 
zero when limn—« 8, = $ it is clearly sufficient to prove that 
lim,—. t exists and is zero when lim,—.. 8, = 0. Employing 
the last relation we see that for every positive e there exists 
an N such that |s,| < ¢ whenever n> N. But forn> N 
we may write 


th = (Cnofo + Cans) + Do Cnidr- 
t=N+1 


From 1) it follows that the quantity in parenthesis here ap- 
proaches zero as n approaches infinity. In view of 3) the 
last sum is seen to be less than Me in absolute value. Hence 
lim,—» tf: = 0. This completes the proof of the theorem. 

In the more usual definitions of summability by the method 
of mean values with finite reference the coefficients c¢;; are 

* The sufficiency of this condition has been proved by Silverman (1. c.). 
The necessity of the condition has been proved by Toeplitz (1. c.). The 
theorem has been ening’ by Kojima (1. c.), who also extends the cor- 


ollary. Less complete results of like import have been given by several 
writers. See, among others, the papers referred to near the end of §1. 
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non-negative real constants. For this case it should be ob- 
served that condition 3) is implied by condition 2). 

An obvious modification of the proof of Theorem I leads to 
the following corollary: 

CoroLLaRY. A necessary and sufficient condition that 
+ Cni8i + + CanSn) shall exist and be finite 
in all cases in which lim,—. 8, exists and 1s finite is that 

1) lim,—. ¢nx shall exist and be finite for every k; 

2) litmpee (Cno + Cai + +++ + Cnn) shall exist and be finite; 

3) a quantity M, independent of n, shall exist such that 


Jeno] + |em| +--+ + |¢nn| < M for every n. 


In view of relations (8’) it is easy to show that the foregoing 
theorem may be put into the following equivalent form: 

THeoreM II. A necessary and sufficient condition that a sum 
shall be assigned to every converging series (1) by the definition 
associated with (7) and that its value shall be the usual sum s of 
(1) is that 

1) lim az = 1 for every k; 

2) a constant M, independent of n, shall exist such that for 

every n 
n—l 


7" Gn, i41| < M. 


In case dp is positive and an: — Gn, 41 iS positive [negative] 
for every n and k it is clear that condition 2) is a consequence 
of condition 1). 

It should be observed that the demonstration of Theorems 
I and II and the corollary to I requires no use of the hypothesis 
Cnn 0, Onn + O. 

It is an immediate consequence of Theorems I and II that 
Cesaro’s definitions of sum are regular; and likewise that 
Knopp’s and Chapman’s extensions of them are regular. It 
is not difficult to establish similarly the regularity of Ford’s 
extensions of Cesdro’s definitions. In order to prove that 
Hélder’s definition of order r is regular we observe that it is 
an immediate consequence of Theorem I that lim,_, 8, = s 
whenever lim,—.. n° = 8, and hence whenever lim,—,. 8n°— 
= s, ---, and hence finally whenever lim,_,, 3, = s. From 
Theorem II it follows at once that de la Vallée Poussin’s def- 
inition is regular. The regularity of other definitions by the 


| 
| 
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method of mean values with finite reference may be treated 
readily by the aid of Theorems I and II. 


§3. Mutual Consistency of Two Definitions of Sum by the 
Method of Mean Values with Finite Reference. 


We shall say that two definitions of sum of an infinite series 
are mutually consistent* whenever it is true that the same sum 
is assigned by them to every series that is summable in ac- 
cordance with both definitions. 

Either one of the limits (see Hurwitz and Silverman, I. c., 
page 1) 

1l< 1le< (— 

affords a regular definition of the sum of a series (1). But 
the two definitions are not mutually consistent, since the first 
limit has the value 0 and the second the value 1 if 
= (— log n. 

Let us consider the problem as to the mutual consistency 
of the definition associated with relation (6) and the following 
in’which (1) is said to have the sum 7 = lim,—. 7, where 


T, = Tn080 + Tni81 +...+ Tan + 0, 
= + +. Onn + O. 


This fundamental problem relative to definitions by the method 
of mean values with finite reference seems not to have been 
resolved. In fact, so far as I am aware, it has received atten- 
tion in a general way only in a single investigation, namely 
in the paper by Hurwitz and Silverman (already referred to), 
where the mutual consistency of all definitions of a certain 
subclass of these definitions has been established. We shall 
not reproduce the results of these authors. 

Among the special cases of mutual consistency there is one 
of great importance which we shall treat further, namely, 
that in which every series which is summable to the sum s by 
a given one of the two given methods is also summable to the 
same sum s by the other of the two methods. In the pre- 
ceding section we saw that Hdlder’s definitions are mutually 


* Hurwitz and Silverman (1. c.) have used the term ‘‘consistent” in 
the sense of our term ‘‘mutually consistent.” 


(18) 
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consistent, the sum (Hr) existing and agreeing with the sum 
(Hk) for k < r whenever the latter sum exists. 

Let us consider the definitions of sum associated with rela- 
tions (6) and (18) respectively. It is convenient to employ 
the infinite matrices 


0 O vo 0 
C= || O Ym 0 


Co Cy Coz Yu 


Whenever conditions 1), 2), 3) of theorem I are satisfied we 
shall say that the matrix C is a regular matrix of the first kind; 
and likewise of course for other matrices of the same form. 

In matrix notation we may write relations (6) and (18) in 
the respective forms 


(t.) = C(8n), (Tn) = T(r). 


If we solve the first of these relations for the s’s, obtaining 
(sn) = C(t), and substitute into the second, we have 


where denotes the product of and Employing 
theorem I we have the following results (already essentially 
contained in Theorem [I itself) : 

TueoreM III. A necessary and sufficient condition that the 
definition associated with (18) shall assign a sum t to every 
series (1) to which the definition associated with (6) assigns the 
sum t is that the matrix TC™ shall be a regular matrix of the 
first kind. 

This theorem may also be stated simply in terms of the 
matrices 


0 an 0 0 


We shall say that a matrix A is a regular matrix of the second 
kind whenever conditions 1) and 2) of Theorem II are satisfied. 

We may write (7) in the form (¢,) = A(s,), whence we have 
(8,) = A(t). In view of Theorem II we may now state the 
following result (already essentially contained in Theorem II 
itself) : 


| 
| 
SS | 
(Tn) = TC 
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THEorEM IV. A necessary and sufficient condition that the 
definition associated with (18) shall assign a sum t to every series 
(1) to which the definition associated with (7) assigns the sum t 
the matrix shall be a regular matrix of the second 


It may be shown that Knopp (and hence Cesaro) summa- 
bility of order 7, assigns the sum s to any series to which this 
sum is assigned by the same summability of order rz where 
1 > t2 > — 1 (Knopp, |. c., page 5). A similar result holds 
also in the case of Chapman summability (Chapman, I. c.). 

In the Paris Comptes Rendus for June, 1914, T. H. Gronwall 
and C. N. Moore independently proved that every series 
which is summable (Cr) to the sum s is summable to the same 
sum by the method of de la Vallée Poussin; and that there 
are series summable by the latter method but not by the 
method of Cesaro for any value of the order r. 


§4. Equivalence of Two Definitions of Sum by the Method of 
Mean Values with Finite Reference. 


We shall say that two definitions of sum of an infinite series 
are equivalent whenever it is true that every series which has 
a sum in accordance with either of these definitions also has 
the same sum s in accordance with the other definition. 

As a corollary from Theorems III and IV of the preceding 
section we now have immediately the following theorem: 

THEOREM V. A necessary and sufficient condition that the 
definitions of sum of an infinite series associated with (6) [or (7)] 
and (18), respectively, shall be equivalent may be put in either 
of the following two forms: 

1) The matrices [TC and CT shall both be regular of the 

jirst kind; 

2) The matrices aA and Aa shall both be regular of the 

second kind. 

By means of this theorem Schur* has given a demonstration 
of the equivalence of summability (Cr) and summability (Hr). 
That Hélder summability implies that of Cesadro was first 
proved byKnopp.{ Independently, and by different methods, 
Schneef and Ford§ showed that Cesdro summability implies 

* Math. Annalen, vol. 74 (1913), pp. 447-458. 

¢ Dissertation. Berlin, 1907. 


Math. An: vol. 67 (1909), pp. 110-125. 
§ Amer. Journal of Mathematics, vol. 32 (1910), pp. 315-326. 
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that of Hélder. More recently Faber* and Watanabef have 
given other demonstrations of the equivalence of summability 
‘Cr) and summability (Hr).t 

Silverman (Dissertation, page 37) has established the equiv- 
alence of summability (C1) and his g-summability provided 
that ¢, approaches 1 monotonically as n increases indefinitely. 
He has pointed out (1. c., page 44) how this affords a convenient 
test for summability (Cl), and has indicated a means of ob- 
taining an (unsatisfactory) extension of the method to the 
case of summability (Cr). 


§5. Further Consideration of Definitions by the Method of Mean 
Values with Finite Reference. 


Besides the condition of being regular, already imposed upon 
our definitions of sum of divergent series, it is evidently desir- 
able to restrict these definitions so that, as far as possible, the 
usual rules for operating with convergent series shall also be 
valid for summable divergent series. 

Probably the first additional requirement to be demanded 
in the case of a given definition is that either of the series 


(19) Up + ---, 
(20) + U2+ ---, 


shall have a sum whenever the other has and that f shall be 
equal to t — wu if ¢ and & are their respective sums. 

Let us consider the general definition associated with (6) 
subject to the conditions of regularity as given in Theorem J. 
Let us write 


tn = Cno8o + + + CanSn; 
tn = + + + Can8n41- 


Then if (19) has the sum ¢ we have limy... t, = t, while if (20) 


has the sum t — u% we have lim,...t, = ¢. Hence, a necessary 
and sufficient condition that our requirement shall be met is 


that either of the quantities t,t, shall approach a (finite) 


* Minchener Sitzungsberichte, 1913, pp. 519-531. 

+ Téhoku Mathematical Journal, vol. 5 (1914), pp. 21-28. 

t In this connection see also Landau’s per on the corresponding prob- 
lem for integrals, Leipziger Berichte, vol. 65 (1913), pp. 131-138, and 
Fekete’s ee Tn on ‘‘absolute summability ” by the methods of Hélder and 

térmesz., vol. 32 (1914), pp. 389-425. 


| 
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limit ¢ whenever the other does; and hence that either of the 


quantities ¢,’, ¢, shall approach a finite limit t whenever the 
other does, where 


ta’ = Cn4a,181 + Cats, 


since lim,—«Cno = 0. 
Symbolically, we may write (t,’) = D(s,1:), where D de- 
notes the infinite matrix 


Cy 0 0 
_ || Car 0 
Ca, C32 C33 °° * 


Similarly, we may write (¢,) = C(8n4;), where C denotes the 
matrix represented by this symbol.in §3. 

From considerations precisely like those involved in prov- 
ing Theorem I we are now led to the following result: 

THEOREM VI. A necessary and sufficient condition that a 
regular definition of the form associated with (6) shall assign a 
sum to either of the series m+ u+--- and 
+ -++ whenever tt assigns a sum to the other and that ty shall be 
equal to t — uw where t and ty are respectively the sums of these 
series, 18 that each of the matrices DC and CD™ shall be regular 
of the first kind. 

A second natural requirement is the following: If a def- 
inition assigns sums ?¢’ and 7?” to the first two of the series 


it shall assign the sum ¢’ + ?t’’ to the last of these series. This 
requirement is obviously met by all definitions by the method 
of mean values with finite reference. 

Again, it is clear that — a definition assigns the sum kt 
to the series kup + ku, sgh - whenever it assigns the sum ¢ 
to the series u% + % + - 

So far as definitions by ‘the method of mean values with 
finite reference are concerned we need to ascertain when the 
first alone of these additional requirements is met. For this 
we may utilize Theorem VI or we may proceed directly in the 
case of ,a particular definition. Thus it may be shown in 


116 THE THEORY OF SUMMABLE SERIES. [Dec., 


particular that this requirement is met by the definitions of 
Cesaro and Hélder. 

Owing to the frequent use which has been made of Cesaro’s 
definitions of sum it is desirable to refer to certain additional 
results associated with them. 

THEOREM VII. Necessary conditions in order that series (1) 
shall be summable (Cr) are that* 

lim = 0, O0O<t<r; limnu, = 0. 


From the definition of S, in §1 we have 


But nS, approaches a finite limit / as n approaches infin- 
ity, since (1) is now summable (Cr). Hence 


lim = lim [ (5 * (n — | 


n=0 a=0 1 
=l-—l=0. 
If we now assume that lim,.,.’S,°— = 0 for a given ¢ we 
have 
lim 


n 
Induction now yields the first set of conditions. The last is 
similarly proved by means of the relations s, — 8,1 = Up, and 
lim,-. 78, = 0. 

From this theorem it follows that Cesdro’s method is in- 
applicable if, to put it roughly, |u,| is too large when n is 
large. Hardyt has shown that the method is also inappli- 
cable if |u,| is too small when n is large and in such wise that 
series (1) is not convergent. One of his theorems is as follows: 

TueoreM VIII. If n |un| < K,a quantity independent of n, 
then series (1) is not summable (Cr) for any value of r unless it 
is convergent. 

Reference may be made to certain additional results which 

* Bromwich, Infinite Series, p. 318, obtains the last result in a different 


way. 
+ Proc. London Math. Society, ser. 2, vol. 8 (1909), pp. 301-320. 


| 
| 
| 

| 
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throw light upon the nature and the limitations of the methods 
of Cesaro, namely, those due to Fejer,* Hardy,t Chapman,t 
Landau,§ Kojima,|| Bohr,{ Ottolenghi,** Hardy and Little- 
wood,tt Bromwich,{{f and Sannia.§§ 


§6. Definitions of Sum by the Method of Mean Values with 
Infinite Reference. 


Let us now consider those definitions in which series (1) is 
said to have the sum ¢ in case lim,...¢, exists|||| and has the 
finite value t, where 


k=0 


the c,; being (real or complex) constants. 

Again, we demand first of all that the definition shall be 
regular. In particular, we must have lim,_,.¢ = 0 when 
= lands; = Oforz +k. Hence lim,_,. c,, = 0 for every k. 
Taking s, = 1 for every k we see that for every permissible r 
the series + + must converge and that 


r=0 k=0 


In order that ¢, shall be defined for every convergent series 
and for each permissible value of r it is necessary (and suffi- 
cient) that lim,—. (¢ro80 + ¢r181 + +++ + shall exist and 
be finite in all cases in which lim,_,, s, exists and is finite. 
Thence, in view of condition 3) in the corollary to Theorem I, 
we see that the series | ¢o | + | ¢ |-+ --- must converge for 
every r. 


* Math. Annalen, pp. 62-66. 

Proc. London ociety, ser. 2, vol. 6 (1908), pi ser. 2, 
vol. 8 (1909), pp. 301-320; Math. Annalen, vol. 64 (1907), pp. 77-94. 

i, London Math. Society, ser. 2, vol. 9 (1910), pp. 369-409. 

Hone temat fizyczno, vol. 21 (1910), pp. 97-177. 

|| Téhoku Mathematical Journal, vol. 12 (1917), pp. 304-321. 

C. R., vol. 148 (1909), pp. 75-80; Géttinger Nachrichten, 1909, 
pp. 

** Giornale di Matematiche, vol. 49 (911), pp. 233-279. 

tt Proc. London Math. Society, ser. 2, vol. 11 (1912), pp. 1-16; Palermo 
Rendiconti, vol. 41 (1916), p pp. 36-53. 

tt Math. Annalen, vol. 65 (1908), pp. 313-349. 

§ Atti R. Accad. ‘Se. Torino, vol. oO (1915), pp. 97-112. 

lll yw one variable r may approach infinity over the set of num- 
bers 1, 2, 3, . . . or over the continuum of real numbers. The treatment 
applies to ott cases simultaneously. 
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If, in addition, a quantity M, independent of r, exists such 
that 


> | x | < M for every r, 
k=0 


it is easy to show that the definition is regular. For suppose 
that lim,_.. 8, = s and write s, = s+ €. Then we have 


@ 
t= 8 Dent Dene; 
k=0 k=0 


whence it follows at once that lim,_.,. t, = s. 

Thus we have the following result: 

THeEorEM IX. A sufficient condition that the definition asso- 
ciated with (22) shall be regular is that 

1) lim Cr = O for every k; 


2) the series Cro + Cr, + +++ shall converge absolutely and its 
sum shall approach unity as r + bapphobeled infinity ; 

3) for every r the sum of the series | + | | + shall 
be less than a quantity M independent of r. 

The first two of these conditions are necessary for the regularity 
of the definition.* 

In the case when the quantities c,, are non-negative and 
real, conditions 1) and 2) are necessary and sufficient for the 
regularity of the definition. 

Let us consider similarly the definition in accordance with 
which series (1) is said to have the sum ¢ in case lim,_, t, exists 
and has the finite value t, where 


(23) = Grate, 


the a,; being (real or complex) constants. 

In order that the definition shall be regular it is necessary 
in the first place that lim,—,. t, shall be unity when uw, = 1 and 
u;= 0 for i+ k. Hence we must have lim,_, a, = 1 for 


* There is an obvious incompleteness about this theorem and the fol- 
lowing one, presented here in the form in which I eh them in the lecture 
at Chicago. It was my intention to complete them before publication. 
But on the day following my lecture Professor T. H. Hildebrandt read a 
paper before the American Mathematical Society at Chicago or = 
theorems in all their completeness and in elegant form ie makes be 
been obtained before he knew of mine. Consequently in am leaving “4 fig 
the duty of making known these desired results in their complete and sat- 
isfactory form. 


} 
| 
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every k. In what follows we assume that this condition is 
satisfied. 


Again, in order that ¢, shall be defined whenever (1) is con- 
vergent it is necessary (and sufficient) that the limit, 


(24) lim 

k=0 
shall exist and be finite for every converging series (1). We 
may write 


Yon = = — 8-1) + Gro8o 
(25) 


n—1 


= 8k (Grk — Gr, + OrnSn- 


It follows now from the corollary to Theorem I that lim,—.. yn 
will exist and be finite for every converging series (1) when 
and only when a constant M, independent of r, exists such that 


| | + Gre — Gr, | < M for every r; 


and hence when and only when the series* 
(26) | — Gr, 41 | 


is convergent. This implies, in particular, that lim,—. Grn 
exists and is finite. 

If in addition to the foregoing limitations on the coefficients 
a,; they are further restricted by the requirement that a con- 
stant M, shall exist, independent of r, such that the sum of 
the series in (26) shall be less than M, for every r, it is easy 
to show that our definition is regular. For, in view of (25) 
we have 
t= lim = lim | — Gr, k41) + lim on | 

k=0 


n=0 


= lim j 8(Grk — Gr, + 8 lim 


r=0 k=0 


+ — Gr, | 


* This result is obtained by Kojima, J. c., p. 305. 


= 
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where s + «& is written for s,. Hence 
t=s lim (are — a,, 


whence it follows at once that ¢ = s. 

Hence we have the following theorem :* 

THEOREM X. A sufficient condition that the definition asso- 
ciated with (23) shall be regular is that 

1) lima, = 1 for every k; 


2) the series | — | + | — Gre | +. . . shall converge; 

3) a constant M, independent of r, shall exist such that the 
sum of the series in 2) shall be less than M for every r. 

Moreover, the first two of these conditions are necessary.t 

In the case when the quantities a,, — a,, x4: are all real and 
not negative, or all real and not positive, it is obvious that 
condition 3) is implied by conditions 1) and 2); and hence in 
either of the conditions named 1) and 2) are necessary and 
sufficient for the regularity of the definition. 

The regularity of Borel’s exponential definition. follows at 
once from Theorem IX. For, we have 


Ck = ki 
so that conditions 1), 2), 3) of the theorem are satisfied.t 


By writing re = r—1 LeRoy’s definition (15) way be 
thrown into the form 


=. (kx + 1) — k/r + 1) 


If we put 
| 


and employ the asymptotic properties of the gamma function 


* Certain related but different results are due to C. N. Moore, Trans- 
actions Amer. Math. Society, vol. 8 (1907), PP: 299-330. The same 
author has also given similar theorems for double series, .ibid., vol. 14 
(1913), pp. 73-104. 

t See the footnote to the preceding theorem. . 

t For additional theorems concerning Borel’s exponential method of 
summation see Hardy and Littlewood, Palermo Rendiconti, vol. 41 (1916), 
pp. 36-53. 


= 
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it is easy to show that the conditions of Theorem X are satis- 
fied and hence that the definition in consideration is regular. 

According to Borel’s integral method of summation we take 
for the sum of (1) the quantity, 


= a* 
= im) a 


where it is assumed that series (1) is such that the infinite 
series appearing in this expression converges for every value 
of a. This may be written in the form 


k! 


r=0 k=0 


n a* 
= lim lim [ 
r=0 k=0 0 k! 


Hence, if we take 


we exhibit the Borel integral definition as an element of the 
class of definitions by the method of mean values with in- 
finite reference. Since 

(k+ 1)!’ 


as one sees readily through integrating by parts the integral 
defining a,,i41, it is easy to show that the hypotheses of 
theorem X are satisfied; and hence that the Borel integral 
definition is regular. 

A comparison of Theorems IX and X with Theorems I and 
II brings out the fact (already alluded to in the footnotes) 
that the former are not in altogether the same satisfactory 
form as the latter; they are completed by the (as yet unpub- 
lished) work of Hildebrandt. So far as I am aware no gen- 
eral theorems yet exist concerning the mutual consistency of 
definitions by the method of mean values with infinite ref- 
erence nor concerning the equivalence of such definitions (see 
related matters in §§3 and 4). We may propose these as two 
fundamental problems, or perhaps as two aspects of the same 
fundamental problem, in the theory of summable series. 
Other considerations analogous to those of §5 still await de- 


— Or, = 


7 

ak = 
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velopment for the case of definitions by the method of mean 
values with infinite reference. 


§7. Definitions of Sum by Means of Integrals. 


The theory of Borel’s definition of sum by means of an in- 
tegral has been so well expounded in Borel’s Séries divergentes 
and Bromwich’s Infinite Series that we need to give here only 
a brief summary of the main results.* We confine attention 
to the case of absolute summability.t 

If one has a polynomial function P(u, v, w, ---) of a finite 
number of variables u,v, w, ---, the coefficients being nu- 
merical, and if one replaces u, v, w, --- by absolutely sum- 
mable series and combines the result aecording to the usual 
rules of operating with convergent series one obtains an abso- 
lutely summable series whose sum is equal to the numerical 
value obtained by replacing u, v, w, --- in P by the sums of 
the corresponding series (Borel, 1. c., page 108).t 

Denote by u, v, w power series 


n=0 n=0 
and suppose that these are absolutely summable for z = 2. 
Let 
W, u’, au, w, x) 


denote a polynomial in u,v, w and their derivatives up to 
order } inclusive, the coefficients of which are series in integral 
powers of x whose radius of convergence is greater than | 2» |. 
If in P one replaces u,v, w by the corresponding series and 
performs the indicated operations as if the series were conver- 
gent, one obtains a series § which is absolutely summable for 
each value of z on the straight line from 0 to 2» (exclusive of 
Xo itself) and which defines an analytic function F which is 
regular in the interior of a circle of which the line joining 0 
and 2» is a diameter. This analytic function is precisely that 


* In the preceding section we saw that Borel’s definition of summability 
(but not of absolute summability) is regular. 

t Borel’s statement (I. c., p. 100) that every convergent series is abso- 
lutely summable is incorrect, as has been pointed out by Hardy, Quar 
Journal of Math., vol. 35 (1903), pp. 25-28. But every absolutely con- 
vergent series is absolutely summable. — 

t Related results for summable series (not absolutely summable) are 
given by Hardy, I. c., p. 43. 
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which P becomes when in P one replaces u,v, w not by the 
series but by the corresponding analytic functions. Moreover, 
F is identically zero when and only when the series S has all 
its coefficients zero, that is to say, when and only when the 
series u, 0, w formally satisfy the relation 


P(u, 2, w, u’, w™, x) = 0. 


In this case the corresponding analytic functions u, 2, w also 
satisfy this relation (Borel, |. c., page 114). 
If the foregoing theorem is applied to the case of the differ- 


ential equation 
f(a, y’; y) 0, 


where f is analytic in x at x = O and algebraic in y and its 

derivatives, it results at once that, if an absolutely summable 

series y formally satisfies the differential equation, the ana- 

lytic function defined by the Borel integral sum of this series 

is a solution of the differential equation (Borel, |. c., page 115). 
Suppose that the power series 


= Up + + + --- 


has a finite (non-zero) radius of convergence. Let 1 denote 
a line through a singularity of the function defined by the 
power series and perpendicular to the radius vector from zero 
to this singularity. Let P denote the “‘ polygon” which con- 
tains in its interior the point zero and extends from zero in 
every given direction to the nearest of these lines / in such 
direction. Then the series g(x) is absolutely summable for 
points in the interior of P; it is not absolutely summable at 
any point exterior to P; on the boundary of P it may or may 
not be absolutely summable (Borel, 1. c., page 128).* 
._Through use of the foregoing result and tests for the abso- 
lute summability of series one is able to treat certain phases 
of the problem as to the position of the singularities of a 
function defined by a power series (Borel, 1. c., page 136).* 
Borel’s integral method of summation is thus seen to yield 
an important contribution (among others) to the fundamental 
* The method of analytic continuation suggested by the results in these 
two paragraphs may be extended ps the use of a definition of ap gage 


based on the function g(a) = * instead of on the function g(a) = 

(Borel, 1. c., Soph ff.). The ‘‘polygon” of summability is replaced —< a 
certain c he polygon by E. Lindeléf, Bull. Soc. Math. 
France, vol. 29 pp. 168. 
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problem of deducing the properties of an analytic function 
from the properties of its Taylor development.* Contribu- 
tions to the study of this problem have been made by many 
authors from diverse points of view. One of the most im- 
portant of these in connection with the subject of summability 
is a memoir-by LeRoy.t 

Let us consider the divergent series 


> 


n=0 


an = + 
and denote by F(z) the function 


Put 


F(z) = 


Suppose that the radius of the circle of convergence of the 
last series is finite (and different from zero) and that the 
circle of convergence is not a natural boundary of the func- 
tion defined by it. Then for the sum f(z) of the first series 
LeRoy (1. c., page 416) writes 


n=0 0 


provided that the last integral is convergent. For p = 1 this 
reduces to Borel’s definition. Under appropriate broad con- 
ditions such summable divergent series as are here introduced 
are amenable to the usual methods of computation employed 
in the case of convergent series. The theory has applications 
to differential equations and analytic continuation of the same 
essential character as those of the special case in which 
Borel’s definition is sufficiently far-reaching. We must refer 
the reader to LeRoy’s memoir for a fuller account of his 
important investigations in connection with this and other 


* Conversely, one may think of any method of og ha continuation as 
. method for the summation of divergent series (Borel, 1. c., p. 120). Note 
how Le ye te next footnote) has been led i os — way to new definitions 
of sum. especially pp. 405 ff. of his pa 
+ Toulouse Annales, ser. 2, vol. 2 (1900), a 317-430. See also the 
work of Servant (referred to at the end of §1 above). 


| 
| 
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definitions of summability. See also his notes in Paris Comp- 
tes Rendus for 1898, 1899, 1900.* 

Reference may also be made to extensions of Borel’s method 
by Cunninghamf and by Buhl.t Compare also the method 
of Barnes (see reference near end of §1). 


§8. General Requirements Which Should be Met in Any Defin- 
ation of Sum of an Infinite Series. 


In §5 we have considered some general requirements which 
should be met by every definition of sum of an infinite series. 
It appears that a great many definitions, not all mutually 
consistent, meet all these requirements. In view of this fact 
and with a desire to introduce greater uniformity into the 
general theory of summability, some authors have felt that 
certain further general restrictions are distinctly to be desired. 
Thus W. O. Mendenhall§ and W. B. Ford|| have insisted on 
the desirability of imposing the so-called boundary value con- 
dition. Thus these authors propose to confine attention to 
those series (1) for which the corresponding power series 


= 


has a radius of convergence equal to unity { and then to agree 
to retain those definitions alone for which the sum s of (1), 
when existent, satisfies the relation** 


* Besides the references already given see also Ricotti, Giornale de 
Matematiche, vol. 48 (1910), pp. 79-111, for a treatment of the methods 
of Borel and LeRoy; Maillet, Annales Ecole Norm. Sup., ser. 3, vol. 20 
(1903), pp. 487-518; Van Vleck, Boston Colloquium, 1903, pp. 92-107. 

t Proc. London Math. Society, ser. 2, vol. 3 (1905), pp. 157-169. 

{ Bulletin des Sciences mathématiques, vol. 42 (1907), pp. § 

§ Michigan dissertation, 1911. This dissertation has not been pub- 
lished. Through the kind response of the author to a request of mine I 
have had the opportunity to examine a manuscript copy of it. Its more 
important results are to be found in Ford’s book on divergent series. 

|| Ford, Studies on Divergent Series and Summability, pp. 82 ff. Also 
in his ad (December, 1917) as retiring chairman of the Chi Sec- 
Son of American Mathematical Society, this BULLETIN, vol. 25 (1918), 
pp. 1-15. 

The restriction to such series appears to be particularly unfortunate 
in view of the important applications of the theory of summability to 
power series with zero radius of convergence. 

** The demand here essentially is that we shall restrict attention to 
certain of those definitions of sum which are mutually consistent with a 
single given definition, namely, that in which series (1) is said to have the 


= 
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$= lim f(z). 

An earlier treatment of the general considerations involved 
in a restriction of this sort is to be found in LeRoy’s memoir 
(cited in §7). He takes a more general point of view than 
Mendenhall and Ford in that he allows the radius of conver- 
gence of the power series to be less than 1 and considers the 
question of assigning to series (1) the sum f(1), where an ele- 
ment of f(x) is defined as above. He also discusses the prob- 
lem for the case when the radius of convergence of the power 
series is zero. 

In view of the fact that convergent power series are a much 
restricted class of infinite series and that the theory of sum- 
mability has made significant and important conquests in 
the theory of expansions in orthogonal functions (including 
Fourier series), in the theory of Dirichlet series and factorial 
series, and promises important applications to the more gen- 
eral expansion problems arising in the theory of difference 
equations, such a restriction as that desired by Mendenhall. 
and Ford should be insisted upon only for the most cogent 
reasons. Furthermore one of the far-reaching applications of 
the theory of summability is to the case of descending power 
series which diverge for every value of the variable, an appli- 
cation which leads to consequences of large importance in 
the theory of differential and difference equations. Hence 
this class of series must not be ruled out; moreover, it is 
difficult to see why a definition which is to be used in the case 
of such series must of necessity satisfy the boundary value 
condition. Thus it appears to me that no satisfactory reasons 
have been advanced for this restriction proposed by Menden- 
hall and Ford and consequently that there is not yet any 
sufficient ground for confining attention to definitions satis- 
fying the boundary value condition. Those which do satisfy 
it doubtless form an important class having a well-defined 
usefulness in the study of analytic functions; but there seems 
not yet to be any valid reason for supposing that other classes 
are not also important. 


sum s when the limit 
lim (uo + mz + +...) 


z=1—0 
exists and has the finite value s; and that we shall reject every definition 
which assigns a sum to a series (1) to which this last definition does not 
assign a sum. 
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For the case of only a few definitions has it yet been deter- 
mined whether the so-called boundary value condition is 
eo see For these consult the work of Mendenhall and 

ord. 

The other extreme as regards the matter of limitation upon 
the definition of summability or freedom in this respect has 
not failed to be represented in the literature. Thus Hardy* 
has formulated a principle which Bromwich (Infinite Series, 
pages 267-8) states in the following words: “If two limiting 
processes, performed in a definite order on a function of two 
variables, lead to a definite value X, but, when performed 
in the reverse order, lead to a meaningless expression Y, we 
may agree to interpret Y as meaning X.” The property 
implied in this principle certainly belongs to many of the 
current definitions of sum; but it does not appear to have 
been a useful guide in the formulation of any of the im- 
portant special definitions. It seems to allow too great a 
variety of possibilities to provide anything of marked value 
in the way of specific definitions. It is useful, however, as a 
unifying principle. 


§9. Applications to the Theory of Dirichlet Series. 


From Theorem VII it follows that Cesaro’s methods of sum- 
mation are limited in a way which forbids their application to 
the problem of the analytical continuation of a function de- 
fined by a power series; but they have been of the greatest use 
in the study of the function on the circle of convergence of 
the- power series which represents it. Owing to the delicate 
character of the convergence of a Dirichlet series it is natural 
to suppose that Cesdro’s methods would find wider appli- 
cation here than in the theory of power series whose character 
of convergence is much more crude. The first applications of 
this sort were made independently by Bohr and M. Riesz, 
who showed that the region of Cesaro summability of a Dir- 
ichlet series may be greater than its region of convergence, so 
that there exist regions of summability in which the series 
diverges while, nevertheless, Cesdro’s means afford the ana- 


* Quar. Journal Math., vol. 35 (1904), pp. 22-47. See also Hardy and 
Chapman, ae vol. 42 (1911), pp. 181-215; Chapman, ibid., vol. 43 (1911), 
pp. nae In the last paper Chapman treats a generalization of Hardy’s 
principle. 
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lytical continuation of the function defined by the series 
within its region of convergence.* 

Although Cesaro’s methods thus have an important appli- 
cation in the theory of Dirichlet series it appeared from the 
investigations of Riesz that a certain disadvantage still existed 
which might be overcome by the introduction of a new type 
of definition which should maintain certain features belonging 
to the definitions of Cesaro. Thus Riesz was led to introduce 
his definition by “typical means,” as given in §1 in connec- 
tion with relation (12). 

In the case when A, = n it has been shown by Rieszt that 
his definitions, for varying r, are equivalent to those of Cesaro, 
Knopp, and Chapman, when in each case the same value of r 
is taken. 

An excellent account of this method of summation and of 
its application to the theory of Dirichlet series has been given 
by Hardy and Riesz.t For this reason we shall not attempt 
an exposition of the matter. We state merely a few of the 
leading properties of the definition as developed by these 
authors. 

The definitions of Riesz are regular. If (1) is summable 
(Rir) to the sum s, it is summable (Rdr’) to the same sum s, 
for every r’ greater than r. If (1) is summable (Rir), where 
lL, = e, then it is summable (RAr) to the same sum. If (1) 
is summable (RAr), where \, = 2, it is also summable (Rdr) 
to the same sum where Xd, = logn. If yu is any logarithmico- 
exponential function of , and if (1) is summable (RAr) then 
it is summable (Rur). Speaking roughly, we may say (in 
view of the last result) that the efficacy of the method (Rdr) 
increases as the rate of increase of the function \ decreases.§ 

* Borel’s exponential method of ae is also ——. to Dir- 
ichlet series; see Hardy, Proc. London Math. S ser. 2, vol. 8 (1909), 
pp. 277-294. See also Hardy’s paper on the onked ike Abel’s method of 
summation as applied to Dirichlet series, Quar. Journal of Math. vol. 47 
(1916), pp. 176-192. 

t Paris p- 1651-1654. 


t “The General Theory of t Series,” C: Cambridge University 
Press, 1915. This monograph shoud. Sb be consulted for treatment of 
other matters relating to the summability of Dirichlet series. 
§ We may refer to 24 following papers which appeared later than the 
Hardy-Riesz monograph: 
eer a. Rendiconti, vol. 40 (1915), pp. 44-70; 42 (1917), pp. 
Hardy, Paris Comptes Rendus, vol. 162 (1916), pp. 463-466. 
Hardy, Quar. Journal 47 (1916), p Pp. 176-192. 
Hardy, Proc. London Math. Society, ser. 2, vol. 15 (1916), pp. 72-88. 
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§10. Applications to the Expansion Problems Arising in the 
Theory of Difference Equations. 

This account of the general aspects of the theory of summa- 
bility we shall bring to a close by indicating briefly an impor- 
tant application the development of which lies mostly in the 
future. In several memoirs* which I have presented to the 
Society in the last two or three years I have given an outline 
of the main features of what appears to me to be the central 
expansion problem in the theory of difference equations. This 
problem has to do with series of the formf 


g(x + n) 
Q(x 
(2) = qa) 
where the quantities c, are independent of x and the function 
g(x) is restricted mainly as to its analytic and asymptotic 
character in a certain sector V including in its interior the 
positive axis of reals. The asymptotic form is as follows: 


g(e) (1 +2454 


where P(x) and Q(x) are polynomials and the a’s are constants. 
It is assumed that g(x) is analytic in V when |z| is sufficiently 
large but finite. 

The most important cases (and the ones arising most nat- 
urally from the theory of linear difference equations) are those 
in which P(x) is a linear function of x and Q(z) is a linear 
function or a constant. Certain special functions g(x) be- 
longing to the class thus defined give rise (see memoir II) to 
factorial series and to some generalizations of them which play 
the fundamental réle in certain important recent investiga- 
tions (see references in memoir II). 

* These memoirs will be referred to by the numbers in the following list: 

I. Transactions Amer. Math. Society, vol. 17 (1916), pp. 207-232. 
II. Bulletin Amer. Math. Society, vol. ” 23 (1917), pp. 407-425. 
III. Amer. Journal of Math., vol. 39 (1917), pp. 385-403. 


IV. Amer. Journal of Math., vol. 40 (1918), pp. 113-126. 
¢ A similar problem arises for series of the form 


g(nz) 


9) ’ 


where g(z) has asymptotic properties similar to those defined in the text. 
These series are now being investigated by L. L. Steimley, a student in 
the University of Illinois. 
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So far the question of summability of series Q(x) has been 
treated only for the case of factorial series; and the methods 
of Cesaro alone have been used for this purpose. Landau* 
has shown that the factorial series and the Dirichlet series 


= a,s! 
Le 


have the same points of convergence (except for x = 0, — 1, 
— 2,...). The interior of the region of convergence of each 
series is the portion of a plane to the right of a line R(x) = i, 
where \ is an appropriately determined constant and R(z) 
stands for the real part of z. Bohr{ has established the exist- 
ence of a sequence of real numbers do, As,. (Ar = Ao 
>A; 2...) such that each of the two foregoing series is 
summable (Cr) in a half-plane R(x) > d,(r = 1, 2,3,. . .) 
but not for R(x) < Asn approaches infinity \, approaches 
a limit \. Bohr (I. c.) has shown that the line R(x) = X 
plays a fundamental réle for functions defined by the Dirichlet 
series. N6rlundt has pointed out that the number dA does not 
enjoy a similar property for the factorial series; this raises 
the question as to whether other methods of summation may 
do for the factorial series what the methods of Cesaro do for 
Dirichlet series. 

The function f(x) defined by the foregoing factorial series 
has an asymptotic representation§ (in general divergent) of 
the form 


4044444 


This series is summable by the exponential riethod of Borel|| 


* Miinchener Sitzungsberichte, vol. 36 (1906), pp. 151-218. 
¢ Géttinger Nachrichten, 1904, pp. 247-262. hr states also several 
important properties of the regions of summability of different orders. 
He also derives similar results for the case of series of binomial coefficients. 

t Paris Comptes Rendus, vol. 158 (1914), pp. 1325-1328. 

§ See Nielsen, Annales-Ecole Norm. Sup., ser. 3, vol. 2 (1904), pp. 449- 
=. oe the treatment of a more general problem in my memoirs 
III an A 

|| Nérlund, 1. ¢.; Paris Comptes Rendus, vol. 158 (1914), pp. 1252-1253; 
Acta Mathematica, vol. 37 (1914), pp. 327-387. A certain natural exten- 
sion of factorial series is treated here, the theory still being contained in 
that of the general series Q(z). 

Compare also in this connection, Pincherle, R. Accad. L. Rend., ser. 5, 
vol. 13 (1904), pp. 513-519, and my memoir IV already cited. 
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and the sum obtained by this method is f(z): 


f(x) = f 
where 


A number / exists such that this integral converges when 
R(x) > 1 and diverges when R(x) < 1. This number / plays 
a fundamental réle as regards the properties of the function 
f(x) defined by the factorial series. 

We have here in a special case two aspects of the general 
theory of summability of the series 2(x), a theory of impor- 
tance the development of which will lead to significant exten- 
sions of our knowledge of one of the most fundamental ex- 
pansion problems in analysis. Early in 1917, Mr. Charles F. 
Green, a student at the University of Illinois, was beginning 
work upon this subject, looking towards a doctor’s disser- 
tation; but his labor has been interrupted by more pressing 
duties and he is now engaged as a pilot in the aviation service 
with the American Army in France. 


UNIVERSITY OF ILLINOIS. 


ON THE PROBLEM OF THE RESISTANCE 
INTEGRAL. 


BY PROFESSOR TSURUICHI HAYASHI. 


Tue problem of minimizing the resistance integral seems to 
be of three main varieties. 

1. Newton’s problem :* 

To get a solid of revolution formed by revolving a curve 
passing through two given points about an axis which shall ex- 
perience a minimum resistance when it moves through a fluid 
in the direction of its axis. 

The solution is the well-known transcendental curve. 


* Philosophie Naturalis Principia Mathematica, 1687, Book 2, Section 
7, Prop. 34, Scholium. 
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2. Tarleton’s problem:* 

To get a solid of revolution on a given base with a given 
volume which shall experience a minimum resistance when it 
moves through a fluid in the direction of its axis. 

The solution is a hypocycloid of three cusps.t 

3. Euler’s problem:{ 

The full enunciation of this problem is found in Professor 
G. H. Light’s paper in the July number of this BuLLETIN, 
1918, volume 24, page 480. The solution can be easily ob- 
tained in its parametrical form, which is quite the same as 
that for Tarleton’s problem. So without using Professor 
Light’s method, we may use Todhunter’s method to show that 
the solution is a hypocycloid of three cusps. Todhunter’s 
method depends on the relation 


dy/dx = p = tan ¢, 


and seems to be more easy and more natural. 
August, 1918. 


NOTE ON EDITIONS OF VON STAUDT’S GEOMETRIE 
DER LAGE. 


BY PROFESSOR R. C. ARCHIBALD 


(1) The first editions of K. G. C. von Staudt’s Geometrie 
der Lage (G.) and Beitrige zur Geometrie der Lage (B.) were 
issued in 4 parts, paper covers, by “Verlag von Bauer und 
Raspe (Julius Merz),” Niirnberg, 1847-1860,§ each of the 
four parts having a separate title page. 

(2) An Italian translation of (G.), and of some paragraphs 
of (B.), was published in 1889. || 


* Philosophical Magazine, 4th series, vol. 34 (1867). 

t See Todhunter’s Researches in the Calculus of Variations, 1871, pp. 
196-198. Itis reproduced in Carll’s Calculus of Variations, 1881, pp. 144- 
146. 

t Scientia Navalis, Prop. 53. 

§ (G.): 1847 (on the reverse of the title eis: “Erlangen, gedruckt 
bei J. J. Barfus,” pp. 6 + 216). (B.): 1856 (“ ck von Junge & Sohn in 
Erlangen,” pp. 6 + 130), 1857 (“Druck von Junge & Sohn in Erlangen,” 
pp. 131- y 1860 (“Druck der A. E. Junge’schen Universitatsbuchdruck- 
erei,”’ pp. 6 + 285-396). ou 

i Geometria di Posizione di Giorgio Carlo Cristiano v. Staudt. Tradu- 
zione dal tedeszo a cura del dott. M. Pieri, professore all’Accademia mili- 
tare, preceduta da una studio del Prof. C. fates sulla vita e le opere del 
v. Staudt. Torino, Bocca, 28 + 233 pp. 


| 

| 

| 

| 

' 

| 

| 

| 

| 
| 


1918. ] VON STAUDT’S GEOMETRIE DER LAGE. 133 


These editions are well known. There was, however, (3) 
another German edition, which seems entirely to have escaped 
the notice of the bibliographer and historian.* A copy of 
this edition has been recently presented to Brown University. 
In it title pages are lacking for each of the three parts of (B.). 
While the title page of (G.) is without date, the place of pub- 
lication is given: “ Niirnberg, Verlag der Fr. Korn’schen Buch- 
handlung.”’t 

The total number of pages in each of the four parts is the 
same as in (1), and the “Berichtigungen,” on pages 216 (G) 
and 283 (B.) are reprinted without corresponding changes in 
the text. While there is in general a one-to-one correspondence 
in the content of pages numbered the same in (1) and (3), this 
is not absolute; for example, in (G.): pages III, 9, and 203 
(where a correction of the original has been made); and in (B.): 
pages 15, 47, 134-5, and 187. The print page of the new 
edition is slightly longer and narrower than that of the old one. 

The only clue I could find as to the date of this edition was 
in the British Museum catalogue, volume SQ.—States of the 
Church, London, 1896) which lists (G.) as published in “ Niirn- 
berg, [1883].”” On appealing to the Museum for its authority 
in determining the date “[1883],”’ Mr. Alfred W. Pollard, the 
erudite keeper in the Library wrote in part as follows: “Our 
copy of K. G. C. von Staudt’s Geometrie der Lage (Niirn- 
berg, Verlag der Fr. Kornschen Buchhandlung) cannot have 
been published later than 1883, as we paid for it on 6 July of 
that year, the invoice being dated 20 January. A young cata- 
loguer (he came that June) cataloguing it in October assumed 
that it was a new book. I think it was really published be- 
tween 1877 and 1880. On the cover it advertises an Atlas- 
commentar of G. Wenz which I find in Heinsius dated 1877.{ 
It also advertises Dr. L. Wéckel’s Geometrie der Alten in einer 
Sammlung von 850 Aufgaben. This number 850 occurs in 
the eighth and ninth editions (published by Bauer and Raspe 
1869 and 1871) and in the tenth and eleventh (published by 

*For example: Poggendorff, Kayser (Biicher-Lexicon), M. Cantor 


(article on von Staudt in Allgemeine deutsche Biographie, vol. 35, 1893), 
and Encyclopédie (III. 1. 2. p. 207, 1915) refer to only the one edition of 
G.) 


{ On the reverse side is “Druck von E. Th. Jacob in Erlangen.” It 
will be seen later (in connection with Wéckel’s Geometrie der Alten) that 
Korn was probably the successor of Bauer and Raspe. : 

In “Kayser” this date is 1876, which is, according to its catalogue, 
the date of the copy in the Library of Congress. 
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Korn, 1873 and 1876).t In the twelfth edition (published by 
Korn in 1880 it was increased to 856. On the supposition that 
Korn kept his advertisements up to date, von Staudt’s book 
must have appeared after Wenz’s Atlascommentar of 1877* 
and before the twelfth edition of Wéckel’s Geometrie der Alten 
in 1880. Its probable date is thus a little before 1880.” 

Judging by typography, the new editions of (G.) and (B.) 
were published about the same time. 

An entry in the “ Katalog des mathematischen Lesezimmers 
der Universitat Gottingen” suggests that there may have 
been yet a third German edition of (G.) in 1846, since it has 
“Niirnberg [1846]” after the title. More probably however 
it is the edition described above as without date, incorrectly 
catalogued. 


MATHEMATICAL PERIODICALS. 


Union List of Mathematical Periodicals. By D. E. Smita and 
C. E. Sgety. (Bureau of Education, Bulletin 1917, No. 
9.) Washington, D. C., 1918. 60 pages. Price 10 cents. 
Tuis union list is a guide to the location of certain period- 

icals. The compilers have stated: it was “prepared for the 

use of research students in mathematics in the universities of 
the United States. It is not intended to be a complete list 
of all publications of this kind; indeed, such a catalogue, while 
very desirable from the bibliographical and historical stand- 
point, would not ordinarily serve the purposes of the graduate 
student in mathematics as well as a brief list of this nature. 

The selection has been made after consultation with a number 

of professors in those universities that have most to do with 

directing research work in mathematics in this country, and 
it represents the periodicals which, in the judgment of these 
advisers, the students will be most apt to consult in his inves- 
tigations.” 

Of about 165 serial publications so selected, somewhat less 
than one half are wholly mathematical. In connection with 

* The number “850” occurs in the title from the fourth (1856) to the 
eleventh editions inclusive. 


t Bearbeitet von K.Hiemenz. Mit einem Vorwort von F. Klein. Leip- 
zig, 1907, p. 92. 
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the title of each periodical are given: (1) the series and volume 
numbers, with years and place or places of publication. In 
case some society or academy is publisher, this is also indi- 
cated; (2) an alphabetical list of certain libraries owning one 
or more of the volumes, and an exact statement of the volumes 
to be found in such libraries. 

The 52 libraries considered are situated in the following 
21 states: California, Connecticut, District of Columbia, 
Idaho, Illinois, Indiana, Iowa, Maryland, Massachusetts, 
Michigan, Minnesota, Missouri, Nebraska, New Jersey, New 
York, Ohio, Pennsylvania, Rhode Island, Texas, Virginia, 
and Washington. 

In the pamphlet are two main divisions headed “ Mathe- 
matical Periodicals” and “Periodicals Partly Mathematical,” 
and a detailed index. The arrangement of this whole is con- 
venient for ready consultation although an arrangement ac- 
cording to countries (as in Greenstreet’s list mentioned below) 
would have been more compact. There can be no doubt but 
that the list will be of great service to many students. 

Typical of comments, the number of which might be much 
extended, are the following: Among American periodicals 
listed The Mathematical Visitor (1878-1895), The Mathematical 
Review (1896-1897) and Bryn Mawr College Monographs, Con- 
tributions from the Mathematical and Physical Departments 
(1904, 1909) are conspicuous by their absence. While Journal 
de Mathématiques elémentaires (Vuibert) is considered, the 
much more important Journal de Mathématiques élémentaires 
(et spéciales) (Bourget, de Longchamps, etc., 1877-1901) is 
not. Nouvelle Correspondance mathématique (1875-1880) is 
listed but the more substantial Correspondance mathématique 
et physique (Quetelet, 1825-1839) as well as the most valuable 
Correspondance sur Ecole polytechnique (1804-1816) are not. 
Since continuations are sometimes indicated, why was it not 
also noted that Nouvelle Correspondance mathématique was 
continued as Mathesis, and The Analyst as the Annals of 
Mathematics? There is no reference to the immediate prede- 
cessors of Journal of the Indian Mathematical Club and of 
Conti’s Il Bolletino di Matematica whose early volumes, at 
least, were published at Bologna and not at “Roma (Rome).” 
It is surely misleading to refer to the Ladies’ Diary, 1704-1773, 
as “reprinted in 1775.” Without doubt the editors had in 
mind Hutton’s edition issued in 14 numbers 1771-1775, which 
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may hardly be accurately termed a “reprint.” To be con- 
sistently complete in this connection The Diarian Repository 
(1771-1774), and T. Leybourne’s Questions from The Ladies’ 
Diary (1817), should have been mentioned also. In the light 
of the quotation made above it is not clear how Dodgson’s 
Mathematical Repository (which is not a periodical and has 
nothing to do with Leybourn’s serial, page 21), The Ladies’ 
Diary, The Gentleman’s Diary, and Gentleman’s Mathematical 
Companion come to be listed in preference to such publications 
as Comptes rendus de l Association francaise pour l Avancement 
des Sciences, the Reports of the Association for the Improvement 
of Geometrical Teaching, Mathematisk Tidskrift, and Tidskrift 
for Mathematik. 

Great Britain has already published at least three lists simi- 
lar to our union list: (1) Royal Society, Subject Index, Pure 
Mathematics, which devotes 41 pages to indication of the dis- 
tribution of 701 serials in 23 libraries; (2) Royal Society, Sub- 
ject Index, Mechanics, indicating in 58 pages the location of 
959 serials in 28 libraries; and (3) W. J. Greenstreet’s Cata- 
logue of Current Mathematical Journals (40 pages), compiled 
for the Mathematical Association and listing about 180 per- 
iodicals in 49 libraries. 

In this country, apart from printed catalogues of special 
libraries, the mathematician has had at his disposal till now 
but two lists: (1) H. C. Bolton’s “Catalogue of Scientific and 
Technical Periodicals 1665-1895’’* for 130 libraries in differ- 
ent parts of the country; and (2) a general list for 36 libraries 
in a limited district, namely, A List of Periodicals, Newspapers, 
Transactions, and other serial publications currently received 
in the principal libraries of Boston and the vicinity. Boston, 
Boston Public Library, 1897. 143 pages. 

While grateful for what we have, it is to be hoped that some 
one will feel disposed soon to publish for America a union list 
of all serials indexed by the Royal Society Subject Index, Pure 
Mathematics, and by the A volumes of the International 
Catalogue of Scientific Literature. Such a list would include 
four or five times as many titles as the union list under review, 
but, with a scheme of abbreviations similar to that employed 
in the Royal Society Subject Index, its size need not be more 

* Second edition, Washington, 1897. (Smithsonian Miscellaneous Col- 
lections, No. 1076.) 


t Anew edition of this work including three or four times as many titles, 
and referring to 72 libraries, is now in course of preparation. 
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than twice as large. Considering the whole range of mathe- 
matics it is somewhat unsafe to claim that any large number 
of these titles is alone “desirable from the bibliographical and 
historical standpoint.” 

A similar list for mechanics, aeronautics, geodesy, ballistics, 
navigation, and astronomy is also a decided desideratum in 
these days. 


R. C. ARCHIBALD. 
July, 1918. 


NOTES. 


At the annual meeting of the American Mathematical 
Society, to be held at Chicago on December 27-28, President 
Dickson will deliver his retiring address, on “Mathematics 
in War Perspective.” Abstracts and titles of papers intended 
for presentation at this meeting should be in the hands of 
the Acting Secretary, Professor E. J. Moutron, 909 Colfax 
Street, Evanston, IIl., by December 2. The meeting will be 
immediately preceded by that of the Mathematical Associa- 
tion of America, and a joint session will be held on December 
27. 


THE seventy-first meeting of the American association for 
the advancement of science will be held at Johns Hopkins 
University, Baltimore, Md., December 27-31. G. D. Brrx- 
HOFF is vice-president, and F. R. Movtron secretary of 
Section A. 


THE opening (September) number of volume 20 of the 
Annals of Mathematics contains the following papers: “Func- 
tions of limited variation and Lebesgue integrals,” by G. P. 
Horton; “On the Teixeira construction of the unicursal 
cubic,” by N. AtrsHitteR; “The functional equation 
fif(z)] = g(x),” by G. A. Premrrer; “The existence of the 
functions of the elliptic cylinder,” by Mary F. Curtis; “The 
gamma function in the integral calculus,” by T. H. GRoNWALL. 


TuE closing (October) number of volume 40 of the American 
Journal of Mathematics contains: “Theta modular groups 
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determined by point sets,” by A: B. CoBLe; “On the asymp- 
totie solution of the non-homogeneous linear differential equa- 
tion of the nth order. A particular solution,” by W. V. N. 
GarrETson; “A collineation group isomorphic with the group 
of the double tangents of the plane quartic,” by C. C. 
BraMB.eE; “ Proof of Pohlke’s theorem and its generalizations 
by affinity,” by Arnotp Emcu; “Arithmetical theory of 
certain Hurwitzian continued fractions,” by D. N. LEHMER. 


Tue following 24 doctorates with mathematics as major 
subject were conferred by American universities in the aca- 
demic year 1917-1918; the title of the dissertation is added 
in each case: I. A. Barnett, Chicago, “ Differential equations 
with a continuous infinitude of variables”; R. F. BorpEn, 
Illinois, “On the Laplace-Poisson mixed equation”; H. E. 
Bray, Rice Institute, “A Green’s theorem in terms of Lebes- 
gue’s integral”; TreREsA CoHEN, Johns Hopkins, “ An investi- 
gation of plane quartic curves”; H. H. DataKer, Cornell, 
“On the automorphic functions of the group (0, 3; 2, 4, 6)”; 
H. D. Frary, Illinois, “The Green’s function of a plane 
contour”; G. H. Hatiett, Pennsylvania, “Linear order in 
three-dimensional euclidean and double elliptic space”; ANNA 
M. Howe, Cornell, “The classification of plane involutions 
of order three’; GLENN JAMES, Columbia, “Some theorems 
on the summation of divergent series”; J. M. Kinney, 
Chicago, “The general theory of congruences without any 
preliminary integrations”; E. P. Lang, Chicago, “Conjugate 
systems with indeterminate axis of curves”; J. E. McATEE, 
Chicago, “Modular invariants of a quadratic form for a 
prime power modulus”; F. R. Morris, California, “Classi- 
fication of involutory cubic space transformations”; W. P. 
Ort, Chicago, “The general type of the brachistochrone with 
variable end points”; C. P. Parne, Wisconsin, “Modes of air 
motion and the equations of the general circulation of the 
earth’s atmosphere”; O. J. RamMBLER, Catholic University, 
“Three-cusped hypocycloids fulfilling certain assigned con- 
ditions”; JOSEPHINE R. (Mrs. E. D.) Ror, Syracuse, “ Inter- 
functional expressibility problems of symmetric functions, with 
tables”; L. J. Rouse, Michigan, “A contribution to the ques- 
tion of linear dependence in linear integral equations”; H. M. 
SHOEMAKER, Pennsylvania, “A generalized equation of the 
vibrating membrane expressed in curvilinear coérdinates”’; 
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L. S. Suivety, Chicago, “A new basis for the metric theory 
of congruences”; W. G. Smuon, Chicago, “On the solution of 
certain types of linear differential equations in infinitely many 
variables”; M. G. Sorta, Illinois, “On the zeros of functions 
defined by homogeneous linear differential equations contain- 
ing a parameter”: Mary A. SznyTuer, California, “The 
hypersurface of the second degree in four-dimensional space”; 
J.S. Taxzor, California, “A set of five postulates for Boolean 
algebras in terms of the operation ‘exception.’” 


Tue Paris academy of sciences announces the award of the 
following prizes for work in pure and applied mathematics 
for the year 1918: Poncelet prize (2,000 francs) to JosEPH 
Larmor, of Cambridge University, for the totality of his 
mathematical researches. Francoeur prize (1,000 francs) to 
P. Monte, of the University of Paris, for his investigation 
of series of analytic functions. Lalande prize (540 francs) 
to A. BELopsLKY, of the Pulkowa observatory, for his con- 
tributions to the application of spectrum analysis to astron- 
omy. Valz prize (460 francs) to F. Sy, of the Algiers observa- 
tory, for the totality of his works on astronomy. Janssen 
prize (medal) to S. CHEVALIER, director of the Shanghai 
observatory, for his researches in physical astronomy. 


Amonc the mathematicians associated with Major Oswald 
Veblen at the Aberdeen proving ground are A. A. Bennett, 
Texas; H. F. Blichfeldt, Stanford; G. A. Bliss, Chicago; 
T. H. Gronwall; C. R. Dines and C. N. Haskins, Dart- 
mouth; Dunham Jackson, Harvard; H. H. Mitchell, Penn- 
sylvania; W. H. Roever, Washington (St. Louis). With 
Major F. R. Moulton in the ordnance department at Wash- 
ington are J. W. Alexander, Princeton; Thomas Buck, 
California; W. D. MacMillan, Chicago; J. F. Ritt and 
Caroline E. Seely, Columbia; H. L. Smith, Princeton; H. S. 
Vandiver, Philadelphia. Commissions in the ordnance de- 
partment of the army have been given to First Lieutenant 
Thomas Buck, Captain H. H. Mitchell, Captain Dunham 
Jackson, Major W. D. Macmillan. Dr. J. R. Musselman, 
Illinois, has been appointed first lieutenant on the statistics 
branch of the general staff. Dr. D. F. Barrow, Yale, has 
entered the government service. Dr. J. N. Rice, Catholic 
University, is serving in the national army. Mr. J.J. Nassau, 
Syracuse, is in a regiment of engineers in France. Professor 
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Arnold Dresden, Wisconsin, sailed for France in September 
for service with the Red Cross. 


Proressor W. R. Lonctey, of Yale University, is on leave 
of absence and is engaged in the ballistic division of the Dupont 
Company in Delaware. 


Mr. G. H. Scott has been appointed professor of mathe- 
matics in Doane College. 


At the University of Illinois Dr. EtizaBetH B. GRENNAN 
and Dr. JosEPHINE GLasGow have been appointed instructors 
in mathematics and Mr. L. E. YAEGER assistant in mathe- 
matics. Mr. C. H. Rickarpson, assistant in mathematics, 
has been appointed professor of mathematics in Georgetown 
College, Kentucky. 


At Cornell University Mrs. D. Naytor has been appointed 
instructor in mathematics. Instructor E. P. FrateicH has 
resigned to engage in the ordnance work at the Aberdeen 
proving ground. Seven members of the faculty have been 
temporarily transferred from other departments to assist in 
the mathematical instruction. 


At the University of Missouri Mr. F. Duncan, Miss Z. 
Fercuson, and Mr. A. GrossMAN have been appointed in- 
structors in mathematics. 


Dr. F. D. Murnacuan, of the Rice Institute, has been 
appointed associate in applied mathematics at Johns Hop- 
kins University. 


At the University of Pennsylvania, Professor H. B. Evans, 
of the department of mathematics, has been made dean of 
the Towne Scientific School. 


Proressor L. LinpsEy, of Syracuse University, has been 
promoted to an associate professorship of applied mathe- 
matics. 


Dr. E. W. CuirrenvEn, of the University of Illinois, has 
been appointed assistant professor of mathematics in the 
University of Iowa. 
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Proressor T. O. Watton, of William and Vashti College, 
has been appointed professor of mathematics in the Colorado 
School of Mines. 


At the University of Rochester assistant professor C. W. 
Warkeys has been promoted to a full professorship of mathe- 
matics. 


Proressor H. R. PHALEN, of Berea College, has been 
appointed instructor in mathematics in the Armour Institute 
of Technology. 


Dr. G. W. Situ, of Beloit College, has been appointed 
instructor in mathematics in the University of Kentucky. 


Dr. W. G. Stmon, of the University of Chicago, has been 
appointed instructor in mathematics in Adelbert College. 


Dr. -L. L. Sttverman, of Cornell University, has been ap- 
pointed assistant professor of mathematics in Dartmouth 
College. 


Proressor C. A. BARNHART, formerly of Carthage College, 
has been appointed professor of mathematics in the University 
of New Mexico. 


Dr. F. R. Morris has been appointed to an instructorship 
in mathematics in the University of California. 


Proressor J. H. Grar, of the University of Bern, died 
recently at the age of sixty-six years. 


Proressor S. Latrés, of the University of Toulouse, died 
July 5, 1918, at the age of forty-three years. 


Proressor C. Wo r, of the University of Paris, died in the 
summer of 1918 at the age of ninety-one years. 


Proressor O. Hennict, of the City and Guilds Technical 
College, London, died August 10, at the age of seventy-eight 
years. 
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Mr. H. W. Powe Lt, tutor in mathematics in the college 
of the City of New York, died July 23, 1918. Mr. Powell had 
been a member of the American Mathematical Society since 
1907. 


Proressor H. G. KEpPeEt, head of the department of mathe- 
matics in the University of Florida, died October 5 at the age 
of fifty-two years. Professor Keppel had been a member of 
the American Mathematical Society since 1897. 


Cot. E. W. Bass, professor of mathematics at West Point 
from 1878 to 1898, died November 6 at the age of seventy-six 
years. 


Dr. ArteMas Martin, of the U. S. Coast Survey, died 
November 7 at the age of eighty-four years. Dr. Martin 
had been a member of the American Mathematical Society 
since 1891. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Apams (O.8.). General theory of the Lambert conformal conic projection. 
(U. S. Coast and Geodetic Survey, Special Publication No. 53.) 
Washington, Government Printing Office, 1918. 38 pp. see is 


Bovutrovux (E.). See Gosior (E.). 


Ductovt (J.). Temas elegidos de matemdticas elementales. La serie de 
Taylor y la teoria general de las series infinitas, para on ye: de una 
variable real. Desarrollo de las ideas esbozadas par F. Klein en 
“MatemaAticas elementales desde un punto de vista superior,” Buenos 
Aires, Centro Estudiontes de Ingenieria, 1917. 


Goxsior (E.). Traité de logique. Préface de E. Boutroux. Paris, 
Librairie Armand Colin, 1918. 8vo. 24 +412 pp. Fr. 9.60 


Harnack (A.). See Serret (J. A.). 
(F.). See Ductovt (J.). 


Koren history of statistics. New York, Macmillan, 
12+7 

Introduction to the by R. B. 
McClenon with the editorial cooperation of Rusk. Boston, 
Ginn, 1918. 8vo. 9 + 244 pp. $1.80 


Morfvex (G.). Allgemeine Beweise der Fe des letzten Fermat- 
schen Satzes. Mit einem Anhang iiber Pythagoraische ey 
Prag, G. Mordvek, 1916. 8vo. 18 pp. 1.00 
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Motper (P. J.). Kirkman-Systemen. (Diss.). Leyden, P. J. Mulder, 
1917. 4to. 15 +312 pp. 


Post (W. C.). Over de reductie van Abelsche integralen tot elliptische. 
(Diss.). Leyden, E. J. Brill, 1917. 4to. 10 + 174 pp. 


Royat Society Catalogue of Scientific Papers. Fourth series (1884 to 
1900), vol. 16: I—Marbut. Cambridge, University Press, 1918. 
4to. 6 + 1054 pp. £5 s. 5 

Rusk (W. J.). See McCienon (R. B.). 


Sarkar (B. K.). Hindu achievements in exact science. A study in the 
history of = development. New York, Longmans, 1918. 
8vo. 14+ 82 $1.00 


Scuerrers (G.). (J. A.). 


Serret (J. A.) und Scheffers (G.). Lehrbuch der Differential- und Inte- 
gralrechnung. Nach A. Harnacks Ueberset: . Iter Band: Differen- 
tialrechnung. 6te und 7te Auflage. Leipzig, Teubner, 1915. 17 + 
670 pp. Geh. M. 13.00 


SLATE Ah ob ). The fundamental equations of dynamics and its main coordi- 
ms vectorially treated and illustrated from rigid dynamics. 
Berkele y, University of California Press, 1918. 10 + 233 pp. 


II. ELEMENTARY MATHEMATICS. 


AuzAha (F. de) y Jame (F. D.). Elementos de trigonometria rectilinea y 
esférica. Buenos Aires, A. Garcia Santos, 1918. 


Dresster (H.). Elementares Rechnen und biirgerliche Rechnungsarten 
fiir die Unterstufe des Seminars. 3te Auflage. Dresden-Blasewitz, 
Bleyl und Kaemmerer, 1917. Geh. M. 2.85 


Fiscuer (P. B.) und Zitutxe (P.). Deutschland und der Weltkrieg. 
Tatsachen und Zahlen aus den Kriegsjahren 1913--1917. oe 
Teubner, 1917. 117 pp. Geh. 1.60 


HessENBERG (G.). Ebene und Trigonometrie. 3te e. 
Neudruck. (Sammlung Géschen). Berlin, Géschen, 1917. ‘171 pp. 


Jatme (F.D.). See Auzha (F. de). 
Lennes (N. J.). See Surron (C. W.). 


LieTzMaANN (W.). Aufgabensammlung und Leitfaden fir Arithmetik, 
Algebra und Analysis. Ausgabe A: Fiir Gymnasien. Unterstufe. 


Leipzig, Teubner, 1917. 261 pp. Geb. M. 2.80 
SeyrrartH (W.). Allgemeine Arithmetik und Algebra. 5te Auflage. 
Blasewitz, Bleyl und Kammerer, 1917. 174 pp. Geh. M. 2.20 


Sutton (C. W.) and Lzennes (N.J.) Business arithmetic. Boston, Allyn 
and Bacon, 1918. 8vo.6+466+8 pp. Cloth. 


(P.). See (P. B.). 


III. APPLIED MATHEMATICS. 


Apams (O. S.). Lambert projection tables for the United States. Wash- 
ington, Government Printing Office, 1918. 8vo. 243 pp. = 


(W.). See Lecxy (S. T. S.). 
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ANDERSON (M.H.). Elements of pilotage and navigation. 2d edition, re- 
vised. Portsmouth, Gieves, 1917. 5s. 

Bock (H.). Die Uhr, Grundlagen und Technik der Zeitmessung. 2te 
Auflage. Leipzig, Teubner, 1917. 121 pp. 

Buck (P. C.). Acoustics for musicians. Oxford, Clarendon Press, 1918. 
152 pp. 7s. 6d. 

Carp (S. F.). Navigation notes and examples. 2d edition. ay 
Arnold, 1917. . 6d. 


(C. H.). Simple rules and in navigation. 2d 
New Orleans, Marine Publishing Company, 1918. 290 pp. and 4 —s 


ine uding a comparison with the Bonne and polyconic 
ashington, Government Printing Office, 1918. 
8vo. 61 pp. and 7 plates. Paper. $0.75 
——._ Lambert projection tables with conversion tables supplement to 
The Lambert conformal conic projection with two standard parallels. 
Washington, Government Printing Office, 1918. Royal 8vo. 84 pp. 
Paper. $0.15 
Grant (H. C. J.). Pocketbook of practical navigation. Portsmouth, 
Gieves Publishing Company, 1917. 7s. 6d. 
LEcKY ¢ T.§.). Practical wrinkles in navigation. 18th edition revised 
by W. Allingham. Liverpool, Philip, 1917. 25s. 
Mckinare (K.). Die Sternwelt (Meister der Naturwissenschaften, 
N. 11). Leipzig, Barth, 1917. M. 0.45 


cht (R.). Praktische Mathematik. lter Teil Auflage. 


(Aus Natur und Geisteswelt, Nr. 341). Leipzig, Be 1918. 
Geb. “MM. 1.50 


NicHotits (—.). Concise guide to Board of Trade examinations for 
masters and- mates. 14thedition. Glasgow, J. Brown, 1917. 10s. 6d. 


(A.). Grundlagen der Elektrotechnik. (Aus Natur und Geistes- 
Welt, Nr. 391). 2te Auflage. Leipzig, Teubner, 1917. 143 pp. 


Scuupeisky (A.). Leitfaden fiir den neuzeitlichen Linearzeichenunter- 
—_- Fir die Hand des Schiilers. Leipzig, Teubner, 1917. ie 


Scntixke (A.). Aufgabensammlung aus der reinen und angewandten 
Mathematik liter Teil, fiir die mittleren Klassen héherer Schulen. 
3te Auflage. Leipzig, Teubner, 1917. 8vo. 204pp. Geb. M.2.60 


Tarts (—.). New guide to Board of Trade examinations in navigation 
and nautical astronomy. Glasgow, Munro, 1917. 8s. 
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